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The possibility of creating different geometries with the help of an extra synthetic dimension in
optical lattices is studied. Additional linear potential and Raman assisted tunnelings are used to
engineer well controlled tunnelings between available states. The great flexibility of the system
allows us to obtain different geometries of synthetic lattices with possibility of adding synthetic
gauge fields.
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Cold atoms in optical lattices are one of prospective
tools for quantum simulations in the spirit originally an-
ticipated by Feynman [1, 2]. Various ingenoeus schemes
have been proposed (for some recent reviews see [3]). The
great flexibility of these systems results from controlla-
bility of optical lattice parameters as well as possibility of
using the internal level structure of atoms held in optical
potential. This resulted in simulation of different models
ranging from magnetism [4, 5] to abelian and non-abelian
gauge theories [6–13].
An interesting observation has been made recently [14]
that the structue of internal atomic states (e.g. magnetic
sublevels) may be treated as an extra dimension. Thus
for the real system of dimension D a model of D + 1 di-
mensions may be build. Interestingly the same group was
able to show that synthetic gauge fields may be created
in synthetic dimension [15]. It has been pointed out that
sharp edges (open boundary conditions) realized natu-
rally in the synthetic dimension may help in observation
of chiral edge states as verified experimentially not much
later [16, 17]. The proposition [15] has stimulated inter-
esting new ideas ranging from suggestion to realize Hall
physics in D = 4 [18], simulating Weyl semimetal physics
[19], creating baryon squishing [20] or charge pumping ef-
fects [21].
In all these application the internal degrees of freedom
played the rule of an extra dimension separated from the
“real” dimensions. The aim of this letter is to expand the
synthetic dimension concept to the case when real and
synthetic dimensions become entangled (or not separa-
ble). As examples we show that such an approach allows
us to create triangular or hexagonal lattices.
We consider a simple quasi one-dimensional system
with the optical lattice along the x direction. In the
transverse directions we assume a tight confinement lim-
iting the real space dynamics to one dimension for sim-
plicity. The extension of the proposed scheme to more
dimensions is straightforward. Typically the hopping in
the synthetic dimension is provided via Raman coupling,
while hopping in the real dimension is the usual kinetic
tunneling term [14, 15, 18–21]. In our model we propose
to utilize, in addition to an optical lattice, an additional
linear potential, which effectively creates Wannier-Stark
Hamiltonian [22–25]:
HWS =
pˆ2
2m
+ V cos2(kLxˆ) + Fxˆ, (1)
(we shall adopt the recoil energy ER = ~2k2L/2, as the en-
ergy unit with unit of length given by the lattice constant
a = pi/kL where kL is the wavevector of the standing
wave pattern forming the optical lattice. We set a = 1).
In the tight binding approximation the lowest band of
this Hamiltonian is given by Wannier-Stark ladder [22]
with wavefunction referred to as Wannier-Stark func-
tions. They are linear combinations of Wannier func-
tions of the original optical lattice. This picture is valid
when the energy offset between two neighboring sites
is bigger than the kinetic tunneling in the absence of
a linear potential and smaller than the energy gap to
the excited bands (where Zenner tunneling additionally
appears) [22]. Within this approximation the standard
nearest neighbour tunnelings are included by passing to
the Wannier-Stark basis - compare Appendix. The de-
sired tunnelings may be induced via resonant Raman pro-
cesses [23, 24, 26] with a great freedom. One could also
use a constant magnetic field splitting magnetic sublevels
- creating an additional tilt in the synthetic direction.
In the presence of the linear potential the Raman pro-
cess is due to two laser beams with frequencies tuned
to exactly compensate the energy offset between con-
nected sites. That induces controllable, possibly complex
tunnellings in the system. Denote by q the momentum
transfer occuring during the Raman process, while by q
its projection on the Ox- axis. Then the Raman induced
tunneling is expressed by [24] (see also supplementary
material in [26]):
tj,k = Ωeff
∫
WSj (x)W
S
k (x)e
−iqxdx, (2)
where WSi (x) is a Wannier-Stark function at the (physi-
cal) site i while Ωeff is the effective strength of the Ra-
man process. For Raman lasers detuned by δ from a
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2Figure 1. The integral in Eq. (2) for j = k (a) and j =
k + 1 (b). V = 20ER and F = 0.15 in that lattice depth
the bare tunneling between wannier functions t ≈ −2.5 ·10−3.
Both the modulus (amplitude - blue) and the phase (red)
of the integrals are plotted. Observe that the amplitude of
the transition for Raman process involving the change of the
physical site (b) is orders of magnitude smaller than those
for the same physical site (a). To have similar amplitudes for
those processes laser intensities and detunings that determine
different Ωeff factors may be adjusted appropriately.
single upper level Ωeff = Ω1Ω2/4δ with Ω1 and Ω2 be-
ing one-photon Rabi frequencies of the couplings. Often
one should consider simultaneous couplings with the en-
tire hyperfine manifold, that modifies Ωeff leaving the
integral in (2) unaffected [27]).
There are several possibilities. Consider a Raman pro-
cess that couples two Zeeman sublevels of atoms residing
in the same physical (along Ox) site. Taking the Zee-
man sublevel quantum number m as a site index in the
synthetic dimension, by appropriately chosing the polar-
izations of Raman lasers one can realize both nearest-
neighbor tunneling (with ∆m = ±1) as well as next
nearest-neighbor tunnelings (with ∆m = ±2). Then
j = k in (2) and the tunneling rate reduces to
tj = Ωeffe
−iqsj
∫
|WS0 (x)|2e−iqsxdx, (3)
with Wannier-Stark function W0(x) centered around 0,
qs being the x component of the momentum transfer in
Raman process and j numbering sites along the physical
direction. The tunneling in the synthetic direction is thus
complex with the phase (called later the spacial phase)
being site-dependent [15]. The integral contributes a real
amplitude only as |WS0 (x)|2 is symmetric around the ori-
gin [compare Fig. 1(a)]. This synthetic tunneling cobined
with standard tunneling along Ox (without the electric
field tilt) allows [15] for creating gauge fields and edge
states. The flux through the square plaquete is then
equal to ΦS = −qs and may be adjusted changing the
transfer qs (subscript indicating the synthetic direction).
In the presence of the static electric field, in the
Wannier-Stark basis, the standard kinetic tunnelings are
nonresonant (and included in the basis transformation).
The desired coupling can be induced by another Raman
assisted tunnelings along the real physical axis of the sys-
tem and is given by
tj,j+1 = Ωeffe
−iqxj
∫
WS0 (x)W
S
1 (x)e
−iqxxdx, (4)
resulting in two phase factors. The first, as before, is
the spatial phase and stands in front of the integral.
The second, the phase of the integral present in the for-
mula above (called the overlap integral) will be referred
to as the phase of the overlap integral [and is depicted
in Fig. 1(b)]. The sum of both phases gives the phase of
tunneling amplitude. Combined with the synthetic tun-
neling described above (generated by another pair of laser
beams) we get another realization of the Harper Hamil-
tonian resembling that of [15] and involving a real and a
synthetic dimension. The emerging lattice in this scheme
is topologically equivalent to square lattice.
The next possibility is realized by Raman assisted tun-
neling involving both the jump along the real and the syn-
thetic directions. We call this a diagonal process. That
process is also described by (4), for the sake of clarity we
shall denote the corresponding wavevector transfer qsx.
The flexibility of different Raman coupling lattice
schemes we show on several examples. We assume, for
simplicity the case J = 1 in the ground state leading to
2J + 1 sublevels. Most of the schemes generalize to ar-
bitrary J , one has to take into account the fact that the
tunneling amplitudes become then site dependent (along
synthetic dimension) as modified by appropriate Clebsh-
Gordan coefficients modifying Rabi frequencies in (2).
Emerging triangular lattice. We shall involve all three
Raman processes described above introducing three laser
beams which couple neighboring states in a way depicted
in Fig. 2(a). The corresponding lattice is shown in the
Fig. 3. Laser beams 1 and 2, both of pi polarization,
generate tunneling along the physical dimension with
qx = (k1 − k2)xˆ, where ki - wavevector of the i-th lase
beam. The same laser beam 1 with the another beam
3 (of σ+ polarization) may create tunneling along the
synthetic direction, while a pair of beams 3 and 2 may
induce tunneling in both synthetic and real directions.
All Raman processes may be made resonant simultane-
ously. Each laser beam is involved in the generation of
two different tunneling processes, that allows to create
three tunnelings with only three beams, while usually
each Raman process requires two beams.
3Figure 2. (a) The configuration of laser beams used to cre-
ate triangular lattice. The tunneling in synthetic direction
is generated by beams 1 and 3, in the spatial direction by 1
and 2, while in the diagonal direction by 2 and 3 (see Fig. 3).
(b) The configuration of lasers used to create Harper Hamilto-
nian. The tunneling in spatial direction is generated by beams
1 and 2, while in the diagonal direction by 1 and 3 (see Fig. 4).
c) The configuration of laser beams used to create second of
two lattices used to generation of hexagonal lattice.
Figure 3. The triangular lattice with additional magnetic
field. The arrows represent tunneling between sites. The
magnetic flux (in standard units) through the plaquette ABC
is equal to qxs −qx+φxs −φx, while magnetic flux trough DAC
plaquette is equal to qs − qxs + qx − φxs + φx.
In the absence of the diagonal tunneling (for zero mo-
mentum transfer qsx = (k3−k2)xˆ) we obtain Harper-like
Hamiltonian [15] with flux Φ = qs through the plaquette
ABCD (see Fig. 3). The diagonal tunneling adds addi-
tional staggered fluxes across triangular plaquettes ABC
and BDC with the sum of the two being Φ. The am-
plitude of the tunnelings in different directions depends
on the integrals of Wannier-Stark functions but can be
adjusted via modifications of Raman laser intensities and
detunings.
The Harper Hamiltonian. The Harper Hamiltonian,
the paradigm Hamiltonian of magnetism can also be ob-
tained in the present scheme in a different way (note ear-
lier realizations of it in 2D systems [24, 28]). As before,
three laser beams are needed (see Fig. 2 (b)) and the re-
sulting geometry of the lattice is shown in Fig. 4). The
lattice is tilted in comparison to other schemes involving
the synthetic dimension that have been proposed till now
Figure 4. The square lattice with additional magnetic field
- realization of Harper Hamiltonian in synthetic dimension.
The arrows represent tunneling between sites. The magnetic
flux (in standard units) through the plaquette ABCD is equal
to qx − qxs .
[15, 29] though the topology is preserved. The magnetic
flux is easily tunable by the difference of spatial phases
of qsx − qx = (k2 − k3)xˆ and the overlap integral phase
is an additional minor modification (which does not in-
fluence the dynamic of the system). Formally there exist
a process generated by beams 2 and 3 which would be a
hopping term along synthetic dimension, thought there
are two ways of removing it. The first possibility is to
set qs = (k2 − k3)xˆ = 0 (just like it is described in the
case of emerging triangular lattice), but it will remove
the synthetic magnetic field from our system. The sec-
ond involves the fact, that in that proces the overlap
integral present in the formula 4 appears twice making it
two orders of magnitude less intensive, than desired tun-
nelings. One could improve that ratio, by modyfing the
relative intensities of laser beams gaining additional two
orders of magnitude. While the triangular lattice con-
struction described above depends more heavily on the
overlap integral phase factor, for the present realisation
of the Harper Hamiltonian it plays no role. In the con-
struction of emerging honeycomb lattice (see below) the
overlap integral phase factor plays again an important
role.
The emerging honeycomb lattice In order to create the
emerging honeycomb lattice one can modify the Harper
Hamiltonian proposition [see Fig. 4] and add an addi-
tional pair of laser beams [Fig. 2(c)] creating yet an-
other Raman process. The second pair of laser beams
creates only the diagonal tunneling (changing both the
real and the synthetic sites) and the emerging lattice
results form the coherent superposition of two Raman
processes, the one applied in the Harper Hamiltonian
proposition and this additional one. Using the flexibility
in adjusting tunneling phases one may realize the situa-
tion when the diagonal tunneling amplitudes generated
by both Raman processes add constructively (destruc-
4Figure 5. The artificial hexagonal lattice in synthetic dimen-
sion. The flux of magnetic field through the ABCDEF pla-
quette is equal to 2(qx − qxs ).
tively) on consequtive even (odd) diagonals. When both
Raman processes involved have the same amplitude, ev-
ery second diagonal tunneling will cancel out due to the
destructive interference leading to the brick-like lattice
structure, topologically equivalent to the honeycomb lat-
tice - compare Fig. 5. In such a realisation the magnetic
flux through the plaquette ABCDEF (see Fig. 5) is given
by 2(k2−k3)xˆ so it is possible to create any magnetic flux
through such a plaquette (the maximal magnetic flux is
2pi).
In order to obtain such a cancelation one has to ensure
that the spatial phase of the second tunneling is greater
than the spatial phase of first tunneling by pi. More-
over, one has to control the relative phase between laser
fields involved in both Raman processes. As these lasers
are assumed to work at significantly different frequencies
they may be made coherently coupled via locking with
the frequency comb set-up. The convenient arrangement
could be when this relative phase cancels the difference
of phases of overlap integrals in the diagonal tunnelings.
The additional requirement of the equality of amplitudes
may be satisfied by modification of laser intensities pro-
vided that both spin structure and hyperfine manifold of
the excited levels used in Raman processes are identical.
Let us note that such a double-Raman scheme is in fact a
small modification of the standard double-lambda optical
scheme (albeit applied in optical lattice setting) used for
a long time in laser spectroscopy (see e.g. [30] and ref-
erences therein) and the phase control necessary for our
scheme is similar to that required for laser spectroscopy
coherent effects.
Conclusions We have shown that a combination of Ra-
man transitions in tilted 1D optical lattice allows to cre-
ate lattices of different geometries mixing the real and
the synthetic dimension. In particular the possibility to
generate an emergent triangular as well as honeycomb
lattices is discussed.
After our work was completed Gediminas Juzeliu¯nas
was kind enough to share with us the preliminary re-
sults of another study of nonseparable lattice involv-
ing a synthetic dimension in the special case of zig-
zag ladder including the interaction analysis [31]. Dis-
cussions with him as well as wi with Jacopo Catani,
Leonardo Fallani, Wojtek Gawlik, and Luis Santos at
various stages of this work are acknowledged. We thank
Krzysztof Biedroń for sharing his program for calculating
Wannier functions. this research was performed within
project No. DEC-2012/04/A/ST2/00088 financed by
National Science Center (Poland). We also acnowledge
support of EU via project QUIC (H2020-FETPROACT-
2014 No.641122).
∗ dominik@suszalski.pl
† kuba@if.uj.edu.pl
[1] R. P. Feynman, Int. J. Theo. Phys. 21, 467 (1982).
[2] R. P. Feynman, Found. Phys. 16, 507 (1986).
[3] M. Lewenstein, A. Sanpera, and V. Ahufinger, Ultra-
cold Atoms in Optical Lattices: Simulating Many-Body
Quantum Systems (Oxford University Press, 2012).
[4] A. Eckardt, P. Hauke, P. Soltan-Panahi, C. Becker,
K. Sengstock, and M. Lewenstein, Europhys. Lett. 89,
10010 (2010).
[5] J. Struck, C. Ölschläger, R. Le Targat, P. Soltan-Panahi,
A. Eckardt, M. Lewenstein, P. Windpassinger, and
K. Sengstock, Science 333, 996 (2011).
[6] E. Zohar and B. Reznik, Phys. Rev. Lett. 107, 275301
(2011).
[7] D. Banerjee, M. Dalmonte, M. Müller, E. Rico, P. Ste-
bler, U.-J. Wiese, and P. Zoller, Phys. Rev. Lett. 109,
175302 (2012).
[8] E. Zohar, J. I. Cirac, and B. Reznik, Phys. Rev. Lett.
109, 125302 (2012).
[9] E. Zohar, J. I. Cirac, and B. Reznik, Phys. Rev. Lett.
110, 125304 (2013).
[10] L. Tagliacozzo, A. Celi, A. Zamora, and M. Lewenstein,
Annals of Physics 330, 160 (2013).
[11] L. Tagliacozzo, A. Celi, P. Orland, M. W. Mitchell, and
M. Lewenstein, Nat. Comm. 4, 2615 (2013).
[12] E. Zohar, J. I. Cirac, and B. Reznik, Phys. Rev. Lett.
110, 055302 (2013).
[13] A. Kosior and K. Sacha, EPL (Europhysics Letters) 107,
26006 (2014).
[14] O. Boada, A. Celi, J. I. Latorre, and M. Lewenstein,
Phys. Rev. Lett. 108, 133001 (2012).
[15] A. Celi, P. Massignan, J. Ruseckas, N. Goldman, I. B.
Spielman, G. Juzeliu¯nas, and M. Lewenstein, Phys. Rev.
Lett. 112, 043001 (2014).
[16] B. K. Stuhl, H.-I. Lu, L. M. Aycock, D. Genk-
ina, and I. B. Spielman, Science 349, 1514 (2015),
http://science.sciencemag.org/content/349/6255/1514.full.pdf.
[17] M. Mancini, G. Pagano, G. Cappellini, L. Livi, M. Rider,
J. Catani, C. Sias, P. Zoller, M. Inguscio, M. Dal-
monte, and L. Fallani, Science 349, 1510 (2015),
arXiv:1502.02495 [cond-mat.quant-gas].
[18] H. M. Price, O. Zilberberg, T. Ozawa, I. Carusotto, and
N. Goldman, Phys. Rev. Lett. 115, 195303 (2015).
[19] D.-W. Zhang, S.-L. Zhu, and Z. D. Wang, Phys. Rev. A
92, 013632 (2015).
5[20] S. K. Ghosh, U. K. Yadav, and V. B. Shenoy, Phys. Rev.
A 92, 051602 (2015).
[21] T.-S. Zeng, C. Wang, and H. Zhai, Phys. Rev. Lett. 115,
095302 (2015).
[22] M. Glück, A. R. Kolovsky, and H. J. Korsch, Phys. Rep.
366, 103 (2002).
[23] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Bur-
ton, and W. Ketterle, Phys. Rev. Lett. 111, 185302
(2013).
[24] H. Miyake, Probing and Preparing Novel States of Quan-
tum Degenerate Rubidium Atoms in Optical Lattices,
Ph.D. thesis, Massachusetts Institute of Technology
(2013).
[25] T. Mishra, S. Greschner, and L. Santos, Phys. Rev. A
91, 043614 (2015).
[26] S. Greschner and L. Santos, Phys. Rev. Lett. 115, 053002
(2015).
[27] N. Goldman, G. Juzeliu¯nas, P. Öhberg, and I. B. Spiel-
man, Reports on Progress in Physics 77, 126401 (2014).
[28] M. Aidelsburger, M. Atala, S. Nascimbène, S. Trotzky,
Y.-A. Chen, and I. Bloch, Phys. Rev. Lett. 107, 255301
(2011).
[29] S. Barbarino, L. Taddia, D. Rossini, L. Mazza, and
R. Fazio, ArXiv e-prints (2015), arXiv:1510.05603 [cond-
mat.quant-gas].
[30] T. Zanon, S. Guerandel, E. de Clercq, D. Holleville,
N. Dimarcq, and A. Clairon, Phys. Rev. Lett. 94, 193002
(2005).
[31] C. Sträter, A. Eckardt, I. Spielman, M. Račiu¯nas, Žlabys,
E. Anisimovas, and G. Juzeliu¯nas, (2016) in preparation.
Supplementary material: Wannier-Stark problem
We want to find solutions of the Wannier-Stark Hamil-
tonian:
HWS = H0 + Fxˆ, (5)
where:
H0 =
pˆ2
2m
+ V cos2(kLxˆ). (6)
The standard solutions of H0 are Bloch functionsla-
belled by quasimomentum k and the band number. for
low temperatures the higher bands may be omitted due
to a finite energy gap between bands. From the Bloch
functions one may construct the basis of exponentially
localized states - the Wannier functions given by the for-
mula:
ψl(x) =
∫ pi/a
−pi/2
exp(−ikla)φk(x)dk, (7)
where ψl(x) is the Wannier function localized in l-th site,
a = pikL is lattice constant and φk(x) is Bloch function
from the lowest band with quasimomentum k. Wannier
functions satisfy relation ψl+1(x) = ψl(x− a), which one
would expect from translational symmetry. The Wannier
functions are exponentially localized. In second quanti-
zation formalism and keeping only the nearest neighbour
tunnelings, the standard tight-binding representation of
H0 reads
H0 ≈
∑
l
a†l al −
∑
l
ta†l+1al + h.c.. (8)
Adding now the linear tilt as in (5) and incorporating
only the diagonal part of the linear potential into the
tight biding model results in the Hamiltonian:
HTB =
∑
l
(+ aF l)a†l al −
∑
l
ta†l+1al + h.c.. (9)
The exact solution of that hamiltonian are Wannier-
Stark functions, defined by:
ωl(x) =
∑
m
Jm−l
(
2t
aF
)
ψm(x). (10)
For more information see [22].
